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INTRODUCTION
The n-times integrated exponentially bounded semigroups of operators,
n g N, on a Bananch space, especially for n s 1, were investigated in
w x1, 2, 5]7, 9 and applied to abstract Cauchy problems with operators which
 w x.do not generate C -semigroups see also 3 .0
In this paper we introduce and analyze a-times integrated semigroups
a g Rq. For a g Rq_ N their properties are similar to the case a g N,
 .but the proofs of some assertions for example, Theorem 1 below are not
simple because we do not have integer powers in the relation which
  . .characterizes a-times integrated semigroups cf. 4 below . In Theorem 1
 .we give a necessary and sufficient condition for an R l to be the
pseudoresolvent of an a-times integrated semigroup S , a g Rq. We givea
in Proposition 1, Corollary 1, Theorem 2, and Corollary 2 the properties of
the generator A of an a-times integrated semigroup S and apply thea
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theory to the Cauchy problem in Theorem 3. The important examples of
w x5 can be treated in the setting of a-times integrated semigroups. In
w xTheorem 4 we extend results of Theorem 4.1 in 5 by showing that a
 . k  j j.differential operator p D s  a d rdx , with the propertyjs 0 j
1  ..  xsup Re p x - `, generates an a-times integrated semigroup, a g , 1 ,2
on several ordinary function spaces. The corresponding results can be
obtained for elliptic operators.
1. PRELIMINARIES FROM THE SEMIGROUP THEORY
5 5  .We denote by E a Banach space with the norm ? ; L E, E is the
  ..space of bounded linear operators from E into E. A family T t int G 0
 .L E is a semigroup of bounded linear operators on E if
 .  .  .  .i T t T s s T t q s , for any t, s G 0,
 .  .ii T 0 s I, where I is the identity operator on E.
  ..If for a semigroup T t the following condition holds:t G 0
 .  .iii lim T t x s x, for any x g E,t x 0
  ..then T t is said to be a strongly continuous semigroup or, simply, at G 0
C -semigroup. The linear operator A, defined on the set0
T t x y x .
D A s x g E: lim exists .  5ttx0
by
qT t x y x d T t x .  .
Ax s lim s , x g D A , .
t dttx0 ts0
  ..  .is the infinitesimal generator of the semigroup T t ; D A is thet G 0
domain of A.
 w x.We introduce the family cf. 10
¡ ay1H t t . q, a g R s 0, ` , .~ G a .f t s 1 .  .a
n.¢f , a F 0,a q n ) 0, n g N, t g R,aqn
where H is Heaviside's function.
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2. a-TIMES INTEGRATED SEMIGROUP
w xWe refer to 4, 8 for the general theory of semigroups.
 .  .Let T : 0, ` ª L E be strongly continuous, integrable in a neighbor-
 .hood of 0, i.e., integrable on 0, « for some « ) 0, and exponentially
bounded at infinity; i.e.,
5 5 v tT t F Me , t G 0, 2 .  .
 4  .for some M G 0 and v g R. The operator R: l g C: Rel ) v ª L E ,
defined by
`
yl tR l s e T t dt , Rel ) v , .  .H
0
where the integral is understood in Bochner's sense, is the Laplace
transformation of T.
  ..  .Let D be a subset of the complex plane. A family R l in L E islg D
called a pseudoresol¨ ent if it satisfies
R l y R m s m y l R l R m , l,m g D . .  .  .  .  .
 .  .It is well known that the family R l is given by R l s
` yl t  . w .  .H e T t dt, Rel ) v, where T : 0, ` ª L E is a strongly continuous0
 .function which satisfies 2 , is a pseudoresolvent iff
T t T s s T t q s t , s G 0. .  .  .
  ..Let A be a linear operator in E and let T t be a C -semigroup. Itt G 0 0
is well known that A is the infinitesimal generator of this semigroup iff
 .  .  4there exists v g R such that v, ` ; r A and R: l g C: Rel ) v ª
 .  .  .y1L E , defined by R l s lI y A , Rel ) v is the Laplace transforma-
  ..tion of T t .t G 0
  ..Let T t be a C -semigroup with the infinitesimal generator A. Putt G 0 0
S t s T s ) f s t .  .  .  . .a a
1 t ay1 qs t y s T s ds, t G 0, a g R , 3 .  .  .H
G a . 0
where the integral is taken in Bochner's sense.
Then, we have




L S l s R l, A , Rel ) v . .  .  .a al
w xThe next theorem is proved by Arendt 2 for a s n g N. Our proof is
w xdifferent because we could not use the binomial formula as in 2 .
q  .  .THEOREM 1. Let a g R , S: 0, ` ª L E be strongly continuous,
integrable in a neighborhood of 0, exponentially bounded at infinity i.e.,
 ..satisfies 2 and
`
a yl tR l s l e S t dt , Rel ) v . .  .H
0
  ..Then, R l is a pseudoresol¨ ent iffRe l) v
1 tqs ay1S t S s s t q x y r S r dr .  .  .  .H
G a . t
s
ay1y t q s y r S r dr , t , s G 0. 4 .  .  .H
0
  ..  .In particular, if S t is a C -semigroup, then S , defined by 3 fort G 0 0 a
q  .a g R , satisfies 4 .
 .Proof. One can easily prove that 4 is a necessary condition. Let us
prove that it is sufficient. Let Rel, Rem ) v, and l / m. Then the
resolvent equation implies
1 1 1 R l R m .  .
? ? R l y R m s ? . 5 .  .  .a a a al m m y l l m
 .The right side of 5 gives
R l R m .  .
? s L S t l ? L S s m .  .  .  . .  .a al m
` `
yl t ym ss e e S t S s ds dt. 6 .  .  .H H
0 0
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 .In order to prove 4 we have to prove
1 1 1
? ? R l y R m .  .a al m m y l
` ` 1 tqs ay1yl t ym ss e e t q s y r S r dr .  .H H H
G a .0 0 t
s
ay1y t q s y r S r dr ds dt . 7 .  .  .H
0
To do this we will start with the equality
1 1 1 1 1 R l R m .  .
? ? R l y R m s ? y .  .a a a a al m m y l m m y l l m
1 1 1 R m .
q y .
a a a /m y l m l m
We will compute the right side
1 R l R m .  .
y
a am y l l m
` `R l 1 .
lym . t ym ts e dt y e S t dt .H Hal m y l0 0
` ` `1
lym . t yl s ym ts e e S s dsdt y e S t dt .  .H H H
m y l0 0 0
` ` ` `
lym . t yl s ym t yl ss e e S s ds dt s e e S s q t ds dt .  .H H H H
0 t 0 0
` `
yl t ym ss e e S s q t ds dt. .H H
0 0
Then
1 1 R l R m .  .
? y
a a am m y l l m
` `
ym  sq¨ .e
yl t ay1s e S t q s ¨ d¨ ds dt .H H
G a .0 0
ay1
` ` r r y s .yl t ym rs e e S t q s ds dr dt .H H H
G a .0 0 0
ay1
` ` t q s y r .tqsyl t ym ss e e S r dr ds dt . 8 .  .H H H
G a .0 0 t
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Moreover,
1 1 R m .
? ?
a am m y l m
` ` `
ym ¨e
lym . t ym s ay1s e e S s ¨ d¨ ds dt .H H H
G a .0 0 0
` ` `
ym re ay1l ts e S s r y t y s dr ds dt .  .H H H
G a .0 0 tqs
ay1
` ` r y t y s .ryt
lt ym rs e e S s ds dr dt .H H H
G a .0 t 0
ay1
` t q r y s .0 tqrym t yl rs e e S s ds dr dt , 9 .  .H H H
G a .0 yt 0
and
1 1 R m .
? ?
a al m y l m
`1 tlym . t yl ss e e S s ds dt .H Hal 0 0
` `
yl sq¨yt .etym t ay1s e S s ¨ d¨ ds dt .H H H
G a .0 0 0
ay1
` t q r y s .0 tqrym t yl rs e e S s ds dr dt .H H H
G a .0 yt 0
ay1
` ` r q t y s .tym t yl rq e e S s ds dr dt . 10 .  .H H H
G a .0 0 0
 .  .Using 9 and 10 , we obtain
1 1 1 R m .
y
a a a /m y l m l m
ay1
` ` s t q s y r .yl t ym ss y e e S r dr ds dt. 11 .  .H H H
G a .0 0 0
 .  .  .  .  .  .Then, 8 and 11 imply 7 . Assertion 4 follows from 6 and 7 and the
uniqueness of the Laplace transformation.
The particular part of the assertion simply follows.
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  ..DEFINITION 1. Let S t be a strongly continuous exponentiallyt G 0
 . qbounded family in L E and a g R . Then, it is called an a-times
 .  .integrated semigroup if 4 is satisfied and S 0 s 0; it is called non-degener-
 .ate if S t x s 0 for all t G 0 implies x s 0.
  .. qLet S t be an a-times integrated semigroup, where a g R . Lett G 0
 . a  .  .R l s l L S , where Rel ) v. Then, by the resolvent equation ker R l
 .is independent of Rel ) v. Hence, by the uniqueness theorem, R l is
  ..injective iff S t is non-degenerate. In this case there exists a uniquet G 0
 .  .  .  .y1operator A satisfying v, ` ; r A such that R l s lI y A for all
  ..l with Rel ) v. This operator is called the generator of S t . We putt G 0
this in the following definition.
DEFINITION 2. Let a g Rq. An operator is the generator of an a-times
  ..  .  .integrated semigroup S t iff a, ` ; r A for some a g R and thet G 0
 .y1 a  . .function l ª lI y A rl s L S l , Rel ) a, is injective.a
3. PROPERTIES OF A AND THE CAUCHY PROBLEM
The important properties of the generator A and the application to the
Cauchy problem will be presented.
PROPOSITION 1. Let A be the generator of an a-times integrated semigroup
  .. q  .S t , a g R . Then, for all x g D A and t G 0,t G 0
S t x g D A , AS t x s S t Ax , 12 .  .  .  .  .
t a t
S t x s x q S s Ax ds. 13 .  .  .H
G a q 1 . 0
t  .  .Moreo¨er, H S s x ds g D A for all x g E and t G 0 and0
t at
A S s x ds s S t x y x . .  .H
G a q 1 .0
w xProof. The proof is the same as for a g N 2 . We give the sketch of
 . a   ..  .  .the proof. Let R l s l L S t , Rel ) v . Fix m g r A . Then
`
yl t yae S t R m , A x dt s l R l, A R m , A x .  .  .  .H
0
`
yl ts e R m , A S t x dt .  .H
0
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for all Rel ) v and x g E. By the uniqueness theorem it follows that
R m , A S t s S t R m , A , m g r A , t G 0. 15 .  .  .  .  .  .
 .  .This implies 12 . Let x g D A . Then for all Rel ) v,
`
at
aq1 yl tx s l e x dt s lR l, A x y R l, A Ax .  .H
G a q 1 .0
` ` t
aq1 yl t aq1 yl ts l e S t x dt y l e S s Ax ds dt. .  .H H H
0 0 0
 .Then 13 follows from the uniqueness theorem.
 .  .  .In order to prove 14 , let x g E, t G 0, Rel ) v. Then by 12 , 13 ,
 .and 15 we have
t t
S s x ds s lR l, A S s x ds y S t R l, A x .  .  .  .  .H H
0 0
t a
q R l, A x . 16 .  .
G a q 1 .
t  .  .  .  .Hence, H S s x ds g D A and, by 16 , 14 follows.0
q  .COROLLARY 1. Let a g R . Then S t x g D A for all x g E and .
 .  .t G 0. Let x g E. Then, S ? x is right-sides differentiable in t G 0 iff S t x g
 .D A . In that case
d t ay1
S t x s AS t x q x , t G 0, x g E. 17 .  .  .
dt G a .
w xArendt 2 has obtained the characterization of a generator A of an
  ..n q 1-times integrated semigroup S t , n g N, if A is a non-denselyt G 0
defined linear operator.
 . q THEOREM 2. a Let a g R , v g R, M G 0. Let A be a non-densely
.  .  .defined linear operator on a Banach space E such that a, ` ; r A for
 xsome a G 0 and v g y`, a . The following assertions are equi¨ alent:
 .   ..i A generates an a q 1-times integrated semigroup S t satisfy-t G 0
ing
1
v t5 5lim sup S T q h y S t F Me , t G 0. .  .
hhx0
 .ka kq1 .   ..ii 1rk! R l, A rl F M 1r l y v , for all Rel ) .  . .
 4a, k g N s N j 0 .0
 .  .b If A satisfies the equi¨ alent conditions of a then the part of A
q .on D A is the generator of an a-times integrated semigroup a g R . .
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 . q  .c Let a g R and A in a be a densely defined linear operator.
 .  .Then, ii in a is equi¨ alent with following condition: A generates an a-times
  ..integrated semigroup S t , satisfyingt G 0
5 5 v tS t F Me , t G 0. .
 .Remark. The case a s 0 in Theorem 2 c is the Hille]Yosida theorem.
COROLLARY 2. If a densely defined linear operator A generates an a-times
 .integrated semigroup, then its adjoint A* generates an a q 1 -times integrated
semigroup.
 .  .This directly follows from Theorem 2 since R l, A * s R l, A* for l
real.
w x .Let A be an operator on E, u g E, and f g C 0, b , E where b ) 0.0
1w x .Then u g C 0, b , E is the solution to
w xu9 t s Au t q f t , t g 0, b .  .  . u 0 s u . 0
 .  .  . w xif u t g D A and 17 holds for all t g 0, b .
 .THEOREM 3. Let A in 17 be the generator of an a-times integrated
  .. qsemigroup, S t , a g R .t G 0
 . w x .a Let u g E, f g C 0, b , E , b ) 0, and0
t
¨ t s S t u q S s f t y s ds s S t u q S) f t . 18 .  .  .  .  .  .  . .H0 0
0
 . 1w x . qIf there exists a solution u to 16 , then ¨ ) f g C 0, b , E , a g R andya
u s ¨ ) f .ya
 .  . 1w x .b Let ¨ be of the form 18 . If ¨ ) f g C 0, b , E , then u sya
a .  .¨ s ¨ ) f is a solution to 17 .ya
 w x .Proof. We give the sketch of the proof cf. 2 for a g N .
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 . w x  .  .  . w xa Let t g 0, b , b ) 0, and w s s S t y s u s , s g 0, t . Since
 .  .  .u s g D A by hypothesis, 13 implies
w9 s s S t y s u s 9 .  .  . .
ay1t y s .
s y u s q S t y s u9 s y S t y s A u s .  .  .  .  .
G a .
ay1t y s .
s y u s q S t y s u9 s y A u s .  .  .  .
G a .




S t u s w 0 y w t s y w9 s ds .  .  .  .H0
0
ay1t y s .t t w xs u s ds y S t y s f s ds, t g 0, b . .  .  .H H
G a .0 0
This implies
1 t ay1¨ t s t y s u s ds s u) f t .  .  .  .  .H aG a . 0
ya 1w x .  .  . . w xwhich gives ¨ ) f g C 0, b , E and u t s ¨ ) f t , t g 0, b .ya
 .b The proof is based on the following assertion.
t  .  .LEMMA 1. For e¨ery t G 0 one has H ¨ s ds g D A and0
aat t y s .0 t
A ¨ s ds s ¨ t y u y f s ds. .  .  .H H0G a q 1 G a q 1 .  .t 0
Proof. We have
st t t
¨ s ds s S s u ds q S r f s y r dr ds. .  .  .  .H H HH0
0 0 0 0
 .Using Proposition 1 and Fubini's theorem, 19 follows.
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 . 1w x .Proof of Theorem 3 b . Since ¨ ) f g C 0, b , E and A is closed,ya
 . .  .  .  . w x  .we have A ¨ ) F t s ¨ ) f 9 t y f t , t g 0, b . Thus u t sya ya
 . .  .  .¨ ) f t satisfies the equation in 17 . By applying f ) to 19 , itya ya
 .follows u 0 s u .0
4. EXAMPLES OF a-TIMES INTEGRATED
 q.SEMIGROUPS a g R
 .The next a-times integrated semigroup is constructed by using 3 .
 x   x  . 4Let E s C y`, 0 s f g C y`, 0 : f 0 s 0 . Define0
f x q t if x F yt .T t f x s .  . .  0 if x ) yt , t G 0.
This is well known semigroup.
q   ..Let a g R . Then, S t given byt G 0
1¡ xqt ay1t q x y u f u du, for t F yx , .  .H
G a . x~S t f x s .  . . 1 0 ay1t q x y u f u du, for t ) yx , .  .H¢G a . x
defines an a-times integrated semigroup on E. Its infinitesimal generator
 .  1  x  . 4A is given by Af s f 9 on D A [ f g E l C y`, 0 ; f 0 s 0 .
The essential examples of a-times integrated semigroups which are not
obtained by integrating C -semigroups will we given in the next theorem.0
1 xWe will construct an a-times integrated semigroup, a g , 1 , by follow-2
w xing the idea of Kellermann and Hieber 5 in the construction of integrated
semigroups determined by differential operators. In the following we use
the inverse of the Fourier transformation and denote it by ; .
k  . jLet A s  a drdx be an ordinary operator with coefficients in C,js0 j
 . k  . jp x s  a ix , k G 1, a / 0, and E be one of well-known spacesjs0 j k
 .  .  . r . w x   .C R , C R , UC R , L R , r g 1,` . UC R is the space of uniformly0 b b b
.  .  4continuous and bounded functions. Let D A s f g E; Af g E , where
the differentiation which appears in A is understood in the distributional
  ..sense. Assume v s sup Re p x - `. Then, we have the followingx g R
w xextension of Theorem 4.1 in 5 .
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 .THEOREM 4. The operator A: D A ª E, where E is one of listed spaces,
1 xgenerates a norm continuous a-times integrated semigroup for a g , 1 ,2
which is of the form
1 1 t ay1 p x . sÄS t , f s f ) f with f s t y s e ds, t G 0. .  .Hta ta’ G a .2p 0
w xProof. Theorem 4.1 in 5 deals with a s 1. So we will consider a g
1 ., 1 . Then2
1
L S t , f l s R l, f , l ) v , .  .  . . al
where
1 y1R l, f r ) f , l ) v with r s l y p x . .  . .Äl l’2p
w x  .It is proved in 5, Theorem 4.1 that R l, f is a pseudoresolvent.
Choose m ) 2 such that a ) 1 y 1rm. One can prove that for a g
1 ., 12
1 5 5 1 2 may1.q1.r m. v tf g H R , f F C 1 q t e .  .Hta ta m
w . 1 .and that the mapping 0, ` ª H R , t ª f is continuous, whereta
1 . 5 5 1H R is the Sobolev space with the norm .H
 .Let us prove that t ª f is continuous. Let l s mr m y 1 . Then byta
Holder's inequality and elementary calculationsÈ
2ay1
q` t y r .t2 p x . r5 5f y f s e dr dx2 H Hta sa G a .y` s
2rmm
ay1
` t y r .yL L t
F q q drH H H H /  /G a / .y` yL L s
=
2r l
t lp x . r< <e dr dxH /s
  . . .m ay1 q1 2rm
` t y s .yL L
s q qH H H 2 2rm / y` yL L G a m a y 1 q 1 .  .
=
2r llRe p x .. t lRe p x .. se y e
dx /lRe p x / .
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  . . .m ay1 q1 2rm
` t y s .yL
F qH H 2 2rm / y` L G a m a y 1 q 1 .  .
2 e2 v t
? dx2r l /lRe p x . . .
  . . .m ay1 q1 2rmt y s .
2 v tq 2 L e .2 2rm
G a m a y 1 q 1 .  .
w  . x2r m 5 5 2Since m a y 1 q 1 ) 0, it follows that f y f ª 0 as2ta sa
< <t y s ª 0.
5 .  . 5 2The similar calculation holds for drdx f y drdx f , where we2ta sa
  .  ..2r luse the fact that p9 x rp x is integrable in the neighborhoods of y`
and ` since l - 2.
1 . w x  .Note r g H R 5, Lemma 4.3 . Since R l, f is a pseudoresolvent,l
1Ä’ .  .  .S t, f s 1r 2p f ) f satisfies 4 . Now by using the fact that f g L ,ta ta
Ä .  .one can prove that S t, f s 1r2p f ) f is an a-times integratedta
semigroup on E continuous with respect to the operator norm and
5 5 2r m.may1.q1. v tS t , ? F a q bt e , t G 0. .  .LE .
By using the arguments of the distribution theory we finish the proof by
  ..  w xshowing that A generates S t, ? see 5, Lemma 4.6 . More precisely,t G 0
let f g E and c be a function of rapid decrease. Then, as in the quoted
lemma, we have
k jd
 :l y a R f ,c s f , c . j lj ; /dxjs0
k  j j..This implies the distributional equality  a d rdx R f s lR f y f ,js0 j l l
 .  .where lR f y f g E. Thus R f g D A and l y A R f s f. Similarly,l l l
 .  .one can prove R l y A f s f for f g D A .l
We note that the appropriate extension to the multidimensional case of
 w x.Theorem 4 can be made for elliptic operators cf. 5, Theorem 4.9 . In
particular it holds for the Schrodinger operator iD.È
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